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ABSTRACT. In Chapter 4 of 1 28 1 Triebel proved two theorems concerning pointwise multipliers and diffeomor- 
phisms in function spaces B s p „(M. n ) and F* (W). In each case he presented two approaches, one via atoms and 
one via local means. While the approach via atoms was very satisfactory concerning the length and simplicity, 
only the rather technical approach via local means proved the theorems in full generality. 

■ In this paper we generalize two extensions of these atomic decompositions, one by Skrzypczak (see 1251 ) and 

one by Triebel and Winkelvoss (see 1331) so that we are able to give a short proof using atomic representations 
getting an even more general result than in the two theorems in 1281 . 

<N 

C/3 . Introduction 

The aim of this paper is to generalize the atomic decomposition theorem from Triebel Il28l|29l for Besov 
and Triebel-Lizorkin spaces B s p JW) and F p (W) and to present two applications to pointwise multipliers 
and diffeomorphisms as continuous linear operators in B pq (W) resp. F pq (M. n ). For a detailed (historical) 
treatment of the spaces B s p q (W 1 ) and F p q (W ) we refer to Triebel 11271 1251 , for an introduction to atoms we 
pLn 1 refer to Frazier and Jawerth ||5]|6]. 

(-h ! According to Triebel ll28l 

P<P-f^<p-f 

maps B s p q {W I ) into B s p q (V) if s > a p and <p 6 C k (R n ) with k > s. Furthermore, the superposition with a 
vector function <p : W — > W 

D<p:f^fo(p 

maps Bp q (J&") to B pq (M") if 9 is a fe-diffeomorphism and k is large enough in dependence of s and p. 
qq . There are similar results for F* 9 (M"). 

\Q ' The main idea for an easy proof is the atomic decomposition theorem. Mainly one has to show that 

a multiplication of an atom a v m with a function <p resp. the superposition with <p is still an atom with 
similar properties. But there was one problem: If s < a p resp. s < O p>q , then atoms need to fulfil moment 
conditions, i.e. 

(1) / X 13 a(x) dx = if |j3 1 <L-1 

Js." 

■ for L E No and L > a p — s resp. L > a p . q — s. But these properties are not preserved by multiplication 
resp. superposition. By Skrzypczak [25] these moment conditions were replaced by the more general 



assumptions 



/ \j/(x)a(x) dx 

JdQ Vt m 



<C-2 



-v(.+L +n (l-l)) |Mci(ir) 



for all \j/ E C L (M"). Now the situation changes: These conditions remain true after multiplication resp. 
superposition. 

This replacement is typical when thinking of atomic, in particular wavelet representations as repre- 
sentations of functions not mapping from R™, but from more general manifolds, see the remarks on the 
cancellation property in [3 Section 3.1]. 
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In this paper we go a step further. We show that one can replace the usual C K (W) -conditions on atoms 
by Holder-conditions ( < ^' K (W)-spaces) in the following way: 

A function a : MP — > C is called (s,p)K,L-atotn located at Q v ,m if 

supp add - Q V jn 

\\a(2- v -)\tf K (R")\\<C-2- v(s -V 

and for every \y G ^ L (W) it holds 

/ \p(x)a(x) dx 

JdQv.m 

This generalizes the known definitions of atoms from Triebel, Skrzypczak and Winkelvoss [29 251 1331 . 

Furthermore, there is an existing theory generalizing the conditions ||a(2 _V ')|'if (M n ) || by ||a(-)|Bp „(M B )|| 
with K > s, mainly in connection with spline representations. For instance, see the books by Kahane and 
Lemarie-Rieusset ifTTl part II, Section 6.5], Triebel OTl Section 2.2] and the recent paper by Schneider and 
Vybiral J22]- Of these, only the first book incorporates the usual moment conditions as in (Q]i. 

In Section 3, as corollaries of the atomic representation theorem with these more general atoms from 
Section 2 we are able to extend the key theorems on pointwise multipliers and diffeomorphisms from |28|. 
It is not the aim of our observations to give best conditions or even exact characterizations for pointwise 
multipliers in function spaces B s p „(M") and F pq (R"). For this we refer to Strichartz |26l . Peetre ifTHl as 
well as to Maz'ya and Shaposhnikova ifTBIfTBI for the classical Sobolev spaces, while for BtJM") we refer 
to Franke [4], Frazier and Jawerth (6), Netrusov fT71 . Koch, Runst and Sickel 1 19 23 24IH2) as well as to 
Triebel EU Section 2.3.3] for general function spaces B s pq {R n ) and F^ q (R"). 

We obtain for pointwise multipliers with respect to B s p q (R")'- 

Let < p < °° and p > maxfs, O p — s). Then there exists a positive number c such that 
||<p/|B^(M")|| < c\\^P{W)\\ • ||/|B^(R")|| 

for all <p G tfP(R n ) and all f G B p q (W). 

For further sufficient results on diffeomorphisms including characterizations for classical Sobolev spaces 
W*(W) we refer to Gol'dshtein, Reshetnyak, Romanov, Ukhlov and Vodop'vanov ll8l l9l [lOl [35l l34l . 
Chapter 4], Markina lfl3l as well as to Maz'ya and Shaposhnikova lfl4l|T5l , while forBesov spaces B s p „(M. n ) 
with < s < 1 we refer to Vodop'yanov, Bordaud and Sickel lf35l [D. A special case of our result (Lipschitz 
diffeomorphisms) can be found in Triebel If30l Section 4]. 

We will prove (in case of B p (j (W)): 

Let < p <°°, p >l and p > max(i, 1 + <J p — s). If (p is a p-diffeomorphism, then there exists a constant 
c such that 

|]/(<p(-))|B^(M")||<c-||/|B^(R")||. 

for all f G B p q (W). Hence D v maps B p>q (R n ) onto B p q {R"). 

Furthermore, at the end of section 2 we are able to give a simple proof of a local mean theorem very 
similar to Triebel's result 11321 Theorem 1.15], which paved the way for the wavelet characterization of 
B s p q (R") and F pq (R") - where we are also using the more general Holder-space conditions. 

1. Preliminaries 

Let R" be the euclidean n-space, Z be the set of integers, N be the set of natural numbers and No = 
N U {0} . By \x\ we denote the usual euclidean norm of x G M", by | |jc|^T || the (quasi)-norm of an element x 
of a (quasi)-Banach space X. 

By ^(R") we mean the Schwartz space on E", by y'(R") its dual. The Fourier transform of / G 
y'(R") resp. its inverse will be denoted by / resp. /. The convolution of / G J^'QR") and <p G y(M") 
will be denoted by / * (p. 

By L p (R n ) for < p < °° we denote the usual quasi-Banach space of p-integrable complex-valued 
functions with respect to the Lebesgue measure jj. with quasi-norm 

\\f\L p (R")\\:=( f \f(x)\'dx 

Let X,Y be quasi-Banach spaces. By the notation X^ywe mean that X cY and that the inclusion 
map is bounded. 



< c . 2 -v(*+^l-jO) 11^(^)11. 
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Throughout the paper all unimportant constants will be called c,c',C etc. Only if extra clarity is desirable, 
the dependency of the parameters will be stated explicitly. The concrete value of these constants may vary 
in different formulas but remains the same within one chain of inequalities. 

1.1. Holder spaces of differentiable functions. Let k £ No- Then by C k (R") we denote the space of all 
functions / : R" — >• C which are A:-times continuously differentiable (continuous, if k = 0) such that the 
norm 



\\f\C k (R")\\ 

is finite, where the sup is taken over x £ W. 
Furthermore, the set C°°(W) is defined by 



C°°(R n ) 



E sup|D«/(x) 

|a|<ft 



: p| C*(tt"). 

keN Q 



Definition 1.1. Let < a < 1 and / : 1 

\\f\Up° 



! be continuous. We define 



sup 



\x-y\ a 



If s 6 R, then there are uniquely determined [s\ £ Z and {s} G (0, 1] with s = [s\ + {s}. 
Let s > 0. Then the Holder space with index s is given by 



S (R") = [/ e CW (R B ) : ||/|^(R B )|| < ooj 



with 



||/|« W (R")||:=||/|CW(K»)||+ £ ||D a /|/^ W ( 

l«l=W 



If .<> = 0, then ^°(R B ) := L«,(R"), which is sufficient for the later statements, see e.g. Theorem l2.12l 
1.2. Besov and Triebel-Lizorkin function spaces on R". Let <pj for j e No be elements of y{R n ) with 

supp % C < 2}, 

?)/ C {2- M < HI < 2 ;+1 } for j £ N, 



(2) 



£<pXI) = lforall|eR", 
\D a <pj(%) \ < c a 2~ m for all a £ Ng. 



.") with 



Then we call {(pj}J =0 a smooth dyadic resolution of unity. For instance one can choose *F £ 
¥(|) = 1 for HI < 1 and SM/jp ¥ C {|| | < 2} and set 

(p (|):=^(|), (pi(|) : =^(|/2)-¥(|), ( P; -(|):=(p 1 (2^+ 1 |)foryeN. 

Definition 1.2. Let 0</;><°°, < g < °°, i£l and {<P;}°? =0 be a smooth dyadic resolution of unity. Then 
Bp q (R n ) is the collection of all / £ S"(R n ) such that the quasi-norm 



WfK, q (R n )\\ 



E2^||(^/)lLp(K")ir 



(modified if q = °°) is finite. 



Definition 1.3. Let < p <°°, < q <°°, s £R and {q)j}J =0 be a smooth dyadic resolution of unity. Then 
F£ q (R n ) is the collection of all / £ y'(R n ) such that the quasi-norm 



WfK q (R")\\ 

(modified if q = °°) is finite. 



£2^|(9y/)'(.)r |MR") 
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One can show that the introduced quasi-norms[3 for two different smooth dyadic resolutions of unity are 
equivalent for fixed p, q and s, i. e. that the so defined spaces are equal. This follows from Fourier multiplier 
theorems, see 11271 . Section 2.3.2., p. 46. Furthermore, the so defined spaces are (quasi)-Banach spaces. 

The next proposition, the so called Fatou property, is a classical observation for function spaces B" p q (W) 
and F° q (W), see g). 

Definition 1.4. Let A be a quasi-Banach space with <-} A y'{R n ). Then we say that A has the 

Fatou property if there exists a constant c such that: If a sequence {f n }nefi C A converges to / with respect 
to the weak topology in y'(W) and if ||/„|A|| < D, then / G A and ||/|A]| <c-D. 

Proposition 1.5. Let s G R,0 < q < °° and < p < °° resp. < p < ». Then B s p q (M. n ) and Fp q (R n ) have 
the Fatou property. 

Remark 1.6. If p > and p ^ N, then "if p (R") = b£ )00 (K b ). This is a classical observation, for instance 
see ll28l Sections 1.2.2, 2.6.5] or for the original source [36, Lemma 4]. 

Moreover, we set 

p CTp ' 9 "(min(p,^) 1 



where a + — max(a,0). 



2. Atomic decompositions 



At first we describe the concept of atoms as one can find it in [29 1, Definition 13.3, p. 73, now generalized 
using ideas from [25 1 and [33 1. 

In particular, this gives the possibility to omit the distinction between v = and v G N and now the usual 
parameters K and L are nonnegative real numbers instead of natural numbers. 

2.1. General atoms. Let Q v , m := {x G W : \xj — 2 _v m,| < 2~ v ~ 1 } be the cube with sides parallel to the 
axes, with center at 2~ v m and side length 2~ v for m G Z" and v G No- 

Definition 2.1. Let s e K, < p < », 6 R and /T,L > 0. Furthermore let c/ > 1, C> 0, V G N ,m G Z. 
A function a : M" — ^ C is called (s, p)ic,L- atom located at Q v , m if 

(3) supp a C d ■ Qv.m 

(4) || fl (2- v -)|^(M")|| <C-2- v{s -p ] 
and for every \j/ G ^ L (]R") it holds 



(5) 



<C-2- v ( s+L+ "V-'>))\\ W \tf L (R n )\\- 



The constant in the exponent will be shortened by kl'.= s+L + n(\ — j^j. 

Remark 2.2. If L = 0, then condition (f5J) is neglectable since it follows from © and <j4j with = 0. 
If K = 0, then by Definition 1 1.1 1 we only require a to be suitably bounded. 

Later on, we will choose one (s,p)K,L-sAom for every v G No and m G Z". Then the parameter <i > 1 
shall be the same for all these atoms - it describes the overlap of these atoms on one fixed level v G No- 

Remark 2.3. The usual formulation of © as in ||29l was 

(6) \D a a(x)\ <2~ v (^) +|a|v forall |a| <K 

for K G No- The modification here was suggested in 13311 . It is easy to see that (|4]i follows from ((6J) if K is a 
natural number, since C K (W) ^(R"). 

Remark 2.4. The usual formulation of (O as in 1 29 1 was 

(7) / x p a(x)dx = Qi£\P\<L-l 

Jr" 

for v £ N, so v ^ 0. The modification here was suggested in Lemma 1 of 1251 for natural numbers L + 1 
(using C L (R") instead of ^(R")). Now we extended this definition to general positive L. For natural L— 1 



'in the following we will use the term "norm" even if we only have quasi-norms for p < 1 org < 1. 



ATOMIC REPRESENTATIONS IN FUNCTION SPACES AND APPLICATIONS TO POINTWISE MULTIPLIERS AND DIFFEOMORPHISMS, A NEW APPROACH 



one can derive (0 from (0 using a Taylor expansion, see [25, Lemma 1, (12) and (14)] or the upcoming 
Lemma l2~8l Hence formulation (0 is a generalization. 
An alternative formulation of (0 is given by 



(8) 



/ (x — 2 v m)^a(x)dx 



<C-2 



if|j8|<W- 



Obviously, this condition is covered by condition (0. For the other direction see l25l Lemma 1, (12) 
and (14)] or the upcoming Remark l2~9l in particular (fTOb . It is also possible to assume this condition for 
all j3 € N" since the statements for >L follow from the support condition (0 and the boundedness 
condition included in (0. 

This shows that both conditions (0 and (0 are ordered in K resp. L, i.e. the conditions get stricter for 
increasing K resp. L. 

Now the question will be whether these more general atoms allow analogous results regarding atomic 
decompositions. 

2.2. Sequence spaces. We introduce the sequence spaces b pxi and f pq , whose use will become clear in the 
following. For this we refer to [29|, Definition 13.5, p. 74. 

Definition 2.5. Let < /? < °°, <q<°° and 

A = {A v ,,„ e C : v € N ,m e Z"} . 

We set 



b M :={l:\\l\b p J=\ £ £ |A v , m |'M ) <• 

V=0 \meZ" J 



and 



f m :={X:\\l\f p J = 



I E \K, m x^U-)\ q \hW) 

K V=OmeZ" ) 



(modified in the case p — °° or q = oo), where „, is the L P (MP) -normalized characteristic function of the 
cube Qvjn, i-e 

X { v p l = 27? if x e Q v , m and ^ = if x $ Q v>m . 

2.3. Local means. Let N £ No be given. We choose ko,k€y(R") with compact support -e.g. supp Icq, supp kC 
e ■ 2o,o for a suitable e > - such that 

(9) D a k(0) =0 if \a\<N, 

while fco(O) 7^ 0- Furthermore, let there be an e > such that k(x) ^ for < |jc| < £. 
Such a choice is possible, see (29] 11.2]. We set := V n k(Vx) for j e N. 

Proposition 2.6. Lef JV e No one/ N > s. 
( i) Let < p < °° and < q < °°. Then 



\\f\B-l q (R")h y-=\\k *f\L p (R") 



£2^||*j*/|L p (R»)[|« 



(modified for q — °°) is an equivalent norm for || • \B s p ? (R n )||. It holds 
( ii) Let < p <°° and < q < °°. Then 



||/|F; >9 (K")||^:=|fe*/|^(K")|| + 



Z2 Jsq \(kj*f)(-)\ q j \L P (R") 



(modified for q = °°) is an equivalent norm for \\ ■ \F p (R") ||. It holds 



p.q\ 



r) = {fey\w):\\f\F; tq {W)\\ khk <~}. 
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Remark 2.7. This proposition is due to [20|. Some minor technicalities of the proof where modified in the 
fourth step of ETl Theorem 2.1] (for the more general vector- valued case). 

2.4. A general atomic representation theorem. We start with a lemma which helps us to understand 
the relation between conditions like (0 and (jTj and which will be heavily used in the proof of the atomic 
representation theorem. It also shows that local means and atoms are related, see condition ((9]). 

Lemma 2.8. Let j G No- If ko and kj = 2 jn k(2 J ■) for ;'GN are local means as in Definition 12.31 then 
2 ^( ,s+ "( 1 p)) .£ is an (s,p)k L-atom located at Qj q for arbitrary K > and for L < N + 1 with N from 



Proof. For j = there is nothing to prove since the moment condition (0 follows from (0 and (0. So we 
can concentrate on j G N: The support condition (0 follows from the compact support of k. Furthermore, 

||]fc/(2--0|«*(R")|| =2*||ifc|«*(R ,, )|| <CV n 

since K is arbitrarily often differentiable. Hence, the Holder-condition (0 is shown. 

Now we have to show condition (0. There is nothing to prove for j — 0. Hence, we can use the moment 
conditions (0. Let L > 0, L = |Lj + {L} as in Section fTTI and let \jf G ^ L (W). We expand the |Lj -times 
continuously differentiable function y into its Taylor series of order [L\ — 1, Then there exists a 9 G (0,1) 
with 



\<\L\-\ 



\P\ = \.L\P [ 



Hence 



"■ lfll=lf.|P- 



1/3 |=LiJ 

<c||y/|^(K")|| 



Using (0 for and \L\ < N we can insert the polynomial terms into the integral and get 



(10) 



IdQ 

r'M 1 -?)) 



V(*)*/(*) c/jc < c ||y/|<?f L (R M )|| / |£/(*)| • |x| L c/x < C-2- ;X ||^|^ L (K")||. 



Hence 2 V "' V pV/ kj fulfils condition (0. The constant C does not depend on j G No- 
Remark 2.9. If we take a look at the proof, we see that instead of (0 it suffices to have 



□ 



(ID 



dQj.O 



x^kj{x) dx 



<C-2 



if|PI<LAJ- 



In fact, this condition is equivalent to condition (0 for kj since \\x& ■ \lf\ c /g L (M.")\\ < C if |J3| < \ L\, where 
y G C°°(W) is a cutoff function, i.e. with compact support and y/(x) = 1 for x G supp k, hence for x € 
supp kj, too. 



Now we will see what happens if an atom is dilated. 

Lemma 2.10. Let j G No and j < v. If Gy jij IS Q.YI (s,p)ic,L-atom located at the cube Q v . m , then 2 
a-v,m(2~ J -) is an {s,p)K,L-atom located at Q v -j,m- 

Proof. The support condition (0 and the Holder-condition (0 are easy to verify. Considering the moment 
condition (0 we have 



d-Qv-j,, 



i//(x)a v ,m(2 J x) dx 



= 2 jn - 



\y(2 ] x)a v ,m{x) dx 
\l/(2 j -)\^ L {R" 



d-Q v 

< C ■ 2 jn ■ 2~ Vl<L 

< C ■ 2 j " -2- v * L - 2 jL -\\w\^ L («■" ) 1 1 

= C ■ 2^ v - j)l<L ■ 2- i[s -p ] ■ || \j/\^ L (R n ) || 



This is what we wanted to prove. 



□ 



ATOMIC REPRESENTATIONS IN FUNCTION SPACES AND APPLICATIONS TO POINTWISE MULTIPLIERS AND DIFFEOMORPHISMS, A NEW APPROACF 



Now we come to the essential part - showing the atomic representation theorem. We will use an approach 
as in Theorem 13.8 of l29l . Using the more general form of the atoms we are able to simplify the proof: 
One has to estimate 

j kj(x-y)a v , m (y) dy, 

where kj are the local means from Section |2~31 and a vm are atoms located at Q v , m - One has to distinguish 
between j > v and j < v as in the original proof - but now both cases can be proven very similarly with our 
more general approach of atoms. 

At first we prove the convergence of the atomic series in J7"(M n ). 

Lemma 2.11. Let < p < °° resp. < p < °°, 0<<7<°° and sgR. Let K > 0, L > with L > o p — s. 
Then 

y, y, ^V,m a V,m 

V=0meZ n 

converges unconditionally in ^"{W 1 ), where a v , m are (s,p)K,L~atoms located at Q v . m and X G b p>q or 
& 6 fp,q- 

Proof. Let (p G J?*(W). Having in mind © and © we obtain 

< C ■ 2- v ^ £ |A v , m | • || <p ■ v/(2 v • -m) \tf L (R n ) || , 

m 



x {x)(p{x) dx 



where y/ G C°°(M"), = 1 for x £ d ■ go,o and supp \j/ G (d + 1) • go.o- 



Observing x/, = s +L + n ( 1 — ^ 1 and L > O p — s we get 



(12) 



XL > 



'0, 
n(l 



< p < 1 

1 < P < CX3 



Furthermore, since <p G ^(R") we have 

||<p- y/(2 v ■ -m)|^ L (M")|| < Cm- (l + |2- v m|)~ M , 

where M G No is at our disposal and Cm does not depend on v and m. 
Let at first be < p < 1 . Then we choose M = and get 



Xv,mav,m(x)(p(x) dx 



<c'-2- vxi £|A v , m | <c'-2- vxl mi 



Summing up over v G No using jq, > we finally arrive at 



(13) 



EE 



<C-||A|V 



In the case 1 < p < °° we choose M G No such thatM// > «, where 1 = ~ + -7. Using Holder's inequality 



we get 



Xv,mOv,m{x)(p(x) dx 



<C M -2- v ^£|A v , m |-(l + |2- v m|) 



—M 



<C'-2— [^(l + \2- v m\y Mp V -(£|A V 



<C"-2-^-2 V 7. ^|Av, m 

\ m 

By (fT2l the exponent is smaller than zero. Hence summing over v G No gives the same result as in (13[ . 
Since 

bp, q /?p,oo resp. f M <-+ / Pj0O 
we have shown the absolut and hence unconditional convergence in J7*'(M. n ). 



□ 
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Theorem 2.12. (ij Let < p < °°, < q < °° and s G M. Lef A",L G K, > 0, > s and L> a p - s. 
Then f G .y'(R") belongs to B s p if and only if it can be represented as 

f = y\ ^v.m a v,m with convergence in 5?' '(R") . 

v=0meZ" 

Here a V m are (s,p)K,L-atoms located at Q v , m (with the same constants d > 1 and C > in Definition \2.1\ 
for all V G No,m G Zj anof ||A|fcp, 9 || < °° . Furthermore, we have in the sense of equivalence of norms 

||/|fi* i? (R")||~inf 

where the infimum on the right-hand side is taken over all admissible representations of f. 

(ii) Let 0<p<<*>, 0<q<°° and s £ R. Let K,LgW, K,L>0, K > s and L > a pq — s. Then fe,¥" (R" ) 
belongs to F pq (W) if and only if it can be represented as 

f = y ^ A v , m flv,m with convergence in J?' '(W) . 

V=0meZ" 

Here a v ,m ore (s,p)k,l- atoms located at Q v , m (with the same constants d > 1 and C > in Definition \2.1\ 
for all V 6 No,m G 7L) and ||A|/ M || < °°. Furthermore, we have in the sense of equivalence of norms 

where the infimum on the right-hand side is taken over all admissible representations of f. 

Proof. We rely on the proof of Theorem 13.8 of |29l . now modified keeping in mind the more general 
conditions (O and © instead of © and (0. There are two directions we have to prove. 

At first, let us assume that / from B s p q (M") or F*JM") is given. Then we know from Theorem 13.8 
of ll29l that / can be written as an atomic decomposition, with atoms now fulfilling conditions © and 
(|7]) for given natural numbers K 1 > s and L' + 1 > a p — s resp. L' + 1 > a p . q — s. Hence, because of 
C K ' (W) C (R"), condition © is fulfilled for all K < K'. 

Conditions (O are generalizations of the classical moment conditions (|7]i and are ordered in L, see 
Remark El 

Thus, every classical (s,p) K i ^/-atom is an (s,p)k,l atom in the sense of definition 12. II for K < K' and 
L < L' + 1 and this immediately shows that we find a decomposition of / from B s p JW) or F p JW) for 
arbitrary K and L in terms of the general atoms we introduced. 

Now we come to the essential part of the proof. We have to show that, although we weakened the 
conditions on the atoms, a linear combination of atoms is still an element of B" p g (M") resp. F p 9 (K"). We 
modify the proof of Theorem 13.8 of |29| or into ED where some minor technical details are modified 
(for the more general vector-valued case). There one uses the equivalent characterization by local means 
ko,kj := 2 J "k(2 J -) with a suitably large N(see Proposition ^. 61 and distinguishes between the cases j > v 
and j < v. In both cases the crucial part is the estimate of 

J kj(x-y)a Vfn (y) dy, 

where a VM , is an (s,p)K£-atom centered at Q v , m . The idea now is to use that not only a v . m but also kj can 
been interpreted as atoms and admit estimates as in © and (©, see Lemma l2~8l 

Let at first be / > v. The function k has compact support and fulfils moment conditions (|7J. At first we 
transform the integral, having in mind the form of condition (0]) of a v>m , 

2 Js J kj(y)a v , m (x-y) dy = 2 Js J kj- v (y)a Vjin (x -2~ v y) dy. 

Surely, this integral vanishes for x ^ c ■ Q v , m for a suitable c > because of j > v. So we concentrate on 
x G c • Q v . m : By Lemmata l2.8l and r2. lOl the function 

2 -a- V )(, + „(i-i)) kj v =2 - a - V )(,+„(i-i)) . 2 v„. k . 2 v, 

is an (i, p)M,Ar-atom located at Q ;-v f° r M arbitrarily large and from (O, so that also may be arbitrarily 
large, but fixed. Now we will use the moment condition (0 for kj~ v and the Holder-condition © for a V m . 
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Hence, with \jf(y) = a v m (x — 2 v y) and N >K we have 



V s 



kj- v (y)av,m(x- 



- 2- v y) dy < C • 2 js ■ 2^-^ ■ \\a v , m (x - 2~ v ■) |^(R B ) || 

= C-2^-2-^'- v ^-|| flv , m (2- v -)|^(M")|| 

<C-2 js -2-^ K -2- v(s -p ] 

= C-2-^ K -^- X {p) {c-Q v , m ), 

where X^ p \ c 'Qv,m) is the L p (R") -normalized characteristic function of c- Qv,m- This inequality is certainly 
true for x £ c ■ Q v ,m- Hence (13.37) in [29 1 is shown. 

Now let j < v. We will interchange the roles of kj and a v ,m using condition © now for kj and (01 for 
a Vm . Hence we start with 

V s 



kj(x-y)a V j n (y) dy = 2 JS J k(2 J x -y)a V/n (2 J y) dy. 

Surely, this integral vanishes for x ^ c ■ 2 V ~ J ■ Q v , m . So we concentrate on x G c ■ 2 v ~j ■ Q v , m '- By Lemma 
12. 101 we know that 2^ s ■ a v ,m(2~ ; -) is an (s,/7)^/,-atom located at Q v -j, m while k is an (s,p)M,N-^om 
located at 2o.o- Thus, using for k with M > L, we get 



k(2 ] 'x — y)a v >m (2 J y) dy 



< c ■ 2 js ■ 2- {v -^"- L ■ 2- i(s --p ] ■ \\k{Vx - - JI^O*")!! 

< c ■ 2~ (v ~' )(L+ ' s) ■ 2 v p ■ 2~ (v ~ ; ' )n 

= c ■ 2-( v -^ L +^ ■ 2 vL p ■ 2-( y -^> - X (c- 2 v -j ■ Q v , m ). 

where %(c ■ 2 v ~i ■ Q v . m ) is the characteristic function of c •2 V ~ ; • Q Vjn - This estimate is the same as (13.41) 
combined with (13.42) in [29| or (72) and (73) in ED . observing that we use L instead of L + 1 in the 
atomic representation theorem. 

Starting with these two estimates we can follow the steps in [29 1 or 11211 and finish the proof, since K > s 
and L> Gp — s resp. L > a p _ g — s. Strictly speaking, we arrive (in the B s p ? (R")-case) at 

E E Av, m flv, m |B^(K")| <C-||A|VII 

v<Vo |m|<n?o 

for all Vo,mo S No with a constant C independent of Vo and m®. Using Lemma l2.11l and the Fatou property 
of the spaces B s p q (W) resp. F pij (W) (see Proposition ! 1.5b we are finally done, i.e. 

E L Av,m«v,m|^, 9 (K B ) <C-||A|VII- 

VGN mGZ" 

□ 

Remark 2.13. The conditions (|4]i and <(5j for the atomic representation theorem can be slightly modified: If 
K>0, then it is possible to replace || • \^ K (R")\\ by || • |B£ i00 (K")|| in condition ©. This is clear for K g N, 
see Remark [TT6l IfK G N, this follows from 

for e > 0. 

A similar result holds true for L > 0, L £ N and condition (01 by trivial means. If L e N, then || • ^(R") || 
can be replaced by 1 1 • | C L (R" ) 1 1 , where the condition needs to be true for all feC 1 (R" ) . This follows from 
the fact, that both conditions imply ([8]). Hence they are equivalent. 

It is not clear to the author whether || ■ \^ L (M") || can be replaced by || • |fi£ j00 (R")|| for L e N. 

Remark 2.14. In the proof of Theorem 12.121 we assumed that the local means kj are arbitrarily often 
differentiable and fulfil as many moment conditions as we wanted. But if we take a look into the proof, we 
see that we did not use the specific structure kj = 2-' n k(2 J -). It is sufficient to know that there are constants 
c and C such that for all j £ No it holds supp kj C c • Qjfl, that 



(14) 



\\k j (2- j -)\^ M (R")\\<C-2 jn 
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with M >L and that for every y/ 6 tf™ (W) it holds 



(15) 



/ V(x)kjix) 



dx 



<C-2 



-jN , 



IM^(K")|| 



with N > K because the atomic conditions © and (0 are ordered in N and M, see Remark l2~4l As before, 
condition (15[ can be strengthened by 

K P kj[x) dx = for all \fi\<N. 



Through these considerations the idea arises how to prove a counterpart of Theorem l2.12l for the local mean 
characterization in l32l Theorem 1.15] without further substantial efforts. This is done in the following 
Corollary, including some technical issues concerning the definition of a dual pairing (see ll32l Remark 
1.14]). It is obvious that the original version of Theorem 1.15 in |[32l is just some kind of modification of 
this Corollary. 

Corollary 2.15. (i) Let < p < <*>, < q < °° and s £ R. Let M,N £ R, M,N >0,M>a p - s andN > s. 
Assume that for all j £ No it holds that kj 6 c ta M (W l ), supp kj C c ■ Qjfl and kj fulfils (1141) and d 1 3b - Then 
there is a constant c such that 



||/|^(K")||*:=||*D*/|i P (K")||+^£2^||^*/|L p ( 



mm 



<c- 



■\B- 



p,q\ 



(modified for q = °°) for all f £ B s (R n ). 

(ii) Let < p < °o, < q < °° and s £ E. Let M,N £ E, M,N > 0, M > a PA - s and N > s. Assume 
that for all j £ No it holds that kj £ c & M (W l ), supp kj £ c ■ Qj q and kj fulfils (114b and (115b . Then there is a 
constant c such that 



\\f\F^(R n )\\ k : = \\ko*f\L p (R n ) 



£2^|(&;*/)(.)| 

7=1 



L p (R n ) 



<c-\\f\F;. q (R")\\ 
(modified for q = °°) for all f £ F^ q (W). 

Proof. There is nearly nothing left to prove because the crucial steps were done in the proof before: Let 
/ £ B Piq (W) (analogously for / £ F^ q (W)) be given. By Theorem lTHl we can represent / £ B p q (W) by 
an "optimal" atomic decomposition 

/ = ^ ^■v.m a v,m: 
V=0m€Z n 

where a V m is an (s,p)^ i M-atom located at Q v . m and \\f\B s p g (R") \\ ~ (with constants independent 

of/). 

But, by the second step of the proof of Theorem l2.12l and the considerations in the succeeding remark 
we have 



(16) 



E E h, m a v , m \B p:q (W) <C-\\X\b M \\ ~ |!/|^,,(E") 

V<v |m|<mo 



for all Vo,mo £ No with a constant C independent of Vo and mo. 

Finally, we use a similar duality argument as in P2l Remark 1.14] or OT1 Section 5.1.7] to justify the 
dual pairing of kj and /. Looking into the proof of Lemma l2.11l we see that 



(17) 



EE 



kv,mClv,m(x)(p(x) dx 



<C'-||(p|^ M - E (R»)||-P|^|| 



for <p £ ( jf M (E") with compact support, M — e > and M — e > a p — s, where C' depends on the support 
of (p. This includes the functions ki for j £ No- Because of this absolut convergence the dual pairing of / 
and <p is given by 



lim 

»"0,Vo-> 



E E i K. m av.m{x)(p(x) dx. 

V<V Q \m\<m ~ 



ATOMIC REPRESENTATIONS IN FUNCTION SPACES AND APPLICATIONS TO POINTWISE MULTIPLIERS AND DIFFEOMORPHISMS, A NEW APPROAOJ 



Furthermore, for two different atomic decompositions of / these limits are the same: By definition of 
a distribution / e ,¥"{R n ) and Lemma ITTTl this is valid for <p 6 2*(R n ). For arbitrary <p G %? M (R") with 
compact support this follows by ( fT7T > and density arguments because C°°(R n ) is dense in If (JSL n ) with 
respect to the norm of c tf M ~ E (R n ). For instance, this can be seen using 

%f M (R") ^ B^R") <-> B%- e (W) ^ B^Zf = tf M - £ {R") 

forM - e £ N and the fact that C°°(R") is dense in B s p ^(R n ) ifq<°°. 
Hence we have 

H ( a v.m*kj) (x) ->■ (f*kj)(x) for V ,mo -> 00 

v<Vo |m|<mo 

for all jteR". Using the standard Fatou lemma and ([Tol l we finally get 

||/|B^(M")|| fc <C.||A|VII~ll/|fiw(R n )ll- 

□ 

3. Key theorems 

3.1. Pointwise multipliers. Triebel proved in Section 4.2 of J28] the following assertion. 

Theorem 3.1. Let j£R and < o < °°. 

(7) Lef < /? < 00 ant/ p > max(s, O p — s). Then there exists a positive number c such that 

||<p/|B^(R")||<c||<p|^(K n )||-|l/l^ M (K n )ll 

for all <p G IfP (R n ) and all f € B s p q (R n ). 

(ii) Let < p < 00 ami p > max(s. a p ci — s). Then there exists a positive number c such that 

||9/|F; )? (R»)||<c||<p|^(R")||HI/|F p yR")|| 

for all <p e tf p (R n ) and all f G F* >q (R n ). 

He excluded the cases p G N. This is not necessary in our considerations. 

The very first idea to prove this result is to take an atomic decomposition of /, to multiply it by <p and 
to prove that the resulting sum is again a sum of atoms. Hence one has to check whether a product of an 
(s,p)K.L-3t° m an d a function <p is still an (s,p)/f £-atom. 

But there was a problem: Moment conditions like Q are (in general) destroyed by multiplication with 
(p. So the atomic approach in [28 1 only worked when no moment conditions were required, hence if s > O p 
resp. s > Op.q, and the full generality of Theorem [XT] had to be obtained by an approach via local means. 
Looking at condition (0 instead the situation when multiplying by <p is now different. 

Furthermore, the atomic approach only worked for <p G C k (R") with k G N and k > s having in mind 
condition ©. Now we are able to give weaker conditions using the new atomic approach with condition 
©. 

We start with a first standard analytical observation. 

Lemma 3.2. Let s > 0. There exists a constant c > such that for all f,g G ^ s (R n ) the product f ■ g 
belongs to ^(M") and it holds 

\\f-g\^\R")\\ < c- |]/|<r(R")|| • y^(R n )i|. 

Proof. This can be proven using standard arguments, especially Leibniz formula. □ 

Now we are ready to prove Theorem l3.ll This is done by the following lemma together with Theorem 
12.121 using the mentioned technique of atomic decompositions. For some further technicalities see the 
upcoming Remark [3~5l or ll28l 4.2.2, Remark 1]. This covers also the well-definedness of the product. 

Lemma 3.3. There exists a constant c with the following property: For all V G No, m G Z, all (s,p)k,l- 
atoms a v m with support in d ■ Q v , m and all (p G ^(R") with p > max(K,L) the product 

c -ii<pi^ p (K")ir 1 -<p-«v, m 

is an (s,p)K,L-atom with support in d ■ Q v , m . 



12 



BENJAMIN SCHARF 



Proof. Regarding the conditions on the derivatives Lemma [3721 gives 

||(<p. fl )(2- v .)|^(K")|| < c- ||<p(2- v .)|^(K")|| • ||«(2- V .)|^(M")|| 

Now we come to the preservation of the moment conditions ((5]). By our assumptions there exists a constant 
C > such that for every \j/ 6 ff L (W) it holds 



d-Qv., 



\j/(x)a(x) dx 



<C-2 



-Vx L 



|vr|«*(R")|| 



Using this inequality now for y/ ■ <p instead of y/ together with Lemma I372] it follows 



\jf(x)((p(x) -a(x)) dx 



(\(f(x) ■ (p(x))a(x) dx 

'dQv,m 

< C'-2- v ^||v/|^ L (K")|| • ||9|«*(R")||. 



Hence our lemma is shown. 



□ 



Remark 3.4. This is the more general version of part 1 of Lemma 1 in 
approach from 12. II which yields a stronger result than in Il25ll . 



using now the wider atomic 



Remark 3.5. As at the end of Corollary |2.15l we have to deal with some technicalities. We concentrate on 
the B s p _(R")-case, the F* ? (K")-case is nearly the same. In principle, Lemma [331 shows that 



(18) 



converges unconditionally in ,5^'(R") where 

/ = EEV, n av, m in ^'(M n ) 

V m 

and the limit belongs to B s pq (W) if / belongs to B pc/ (W). 

To define the product of <p and / as this limit, we have to show that the limit does not depend on the 
atomic decomposition we chose for /. 

Hence we are pretty much in the same situation as at the end of Corollary 12. 151 Let at first be <p G C°°. 
Then the multiplication with <p is a continuous operator mapping ^'(W) to ^"(M"). So ( TT8l converges to 
<p - /for all choices of atomic decompositions of /. Using Lemma 1331 and the standard Fatou lemma we get 



HP'/I^Omi < c ||p|«*(R")|| ■ ||/|B^(M")|| 

foraU/G^CR"). 

For arbitrary (p £ < ^ p (R n ) we use a density argument similar to that at the end of Corollary 12. 151 We 
know 



\cp*.f\BtJM")\\<c.\\cp*\VP 



*\c/?p—£ /"nj>n\ 



") 



for <p* e C°°(M"), p as in Lemma [331 and e small enough. Now using the density of C°°(IR") in 
with respect to the norm of ff p ~ £ (M") the uniqueness of the product and 

||<p./|B^(R")[| < c- ||<p|^- £ (K")|| • \\f\B p>9 (R n )\\ < c ||p|tf"(R»)|| ■ ||/|B^(R")|| 

follows. 

Remark 3.6. Since 

<?f L (R") Bi ;0a (R") ^ tf L - £ (R") 

forL-e >0, we can replace ||p|'<f(]R' , )|| by 1 1 (p |b£ )00 (R") 1 1 , even by \\(p\Bi :q (R n )\\ for arbitrai-y < q < °° 
in Lemma |3~TI 

The condition p > max(s,o p . q — s) for the Fp 9 (R")-spaces in Theorem 13. II can be replaced by p > 
max(s, o p — s). This is a matter of complex interpolation, see the proof of the corollary in Section 4.2.2 of 

ma. 
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Remark 3.7. Our Theorem B. 1 l is a special case of Theorem 4.7.1 in lfl9l : By Remark ll.6l it holds ^ P (W) = 
s£,oo(R") for p > and p £ N. So, let / G B s pq (W) or / G F s pq (W) as well as <p G ^(R") with p > 5. 

Then 9 G ££,'=0 (W ) for 5 < p ' < p . By Theorem 4.7.1 of lfT9l it holds 

B s p >9 (R") • (M" ) JJj^ (R" ) resp. (M" ) • (R" ) <^ F^(R n ) 

if 

p'>5 and 5 + p'>c7 ; , <=> p' > s and p'>O p -s. 

In case of ? (R") these are the same conditions as in Theorem l3.ll - in case of F p £/ (R") these are even 
better (no dependency on q). 

It was not the idea of this paper to give such a detailed and comprehensive treatise as in Runst' and 
Sickel's book 1 19 1 but to show an application of the more general atomic decompositions where the proof 
is easy to follow (see Triebel [28, Section 4.1]). 

3.2. Diffeomorphisms. We want to study the behaviour of the mapping 

*V /■"►/(?(•)), 

where / is an element of the function space B s p q (W) resp. F p JM") and <p : R" — > R" is a suitably smooth 
map. 

One would like to deal with this problem analogously to the pointwise multiplier problem in Section lXTI 
Hence we start with an atomic decomposition of / and composed with (p. Then we are confronted with 
functions of the form a v ,m <P originating from the atoms a V m . This was the idea of Section 4.3.1 in Triebel 
||281 . But in general, moment conditions of type Q are destroyed by this operator. So s > o p resp. s > a Py q 
was necessary. As we will see, conditions like (f5]l behave more friendly under diffeomorphisms. 

Furthermore, we are confronted with more difficulties than in section 13.11 because the support of an 
atom changes remarkably. In particular, after composing with <p two or more atoms can be associated with 
the same cube Q v , m which is not possible in the atomic representation theorem [2. 121 This has not been 
considered in detail in Section 4.3.1 by Triebel |28| while there is some work done in the proof of Lemma 
3 by Skrzypczakga. 

The special case of bi-Lipschitzian maps, also called Lipschitz diffeomorphisms, is treated in Section 4.3 
by Triebel |30|. The main theorem there is used to obtain results for characteristic functions of Lipschitz 
domains as pointwise multipliers in B s p q (W) and F p (W). 

Definition 3.8. Let p > 1 . 

(i) Let p = 1 . We say that the map <p : R" — » R" is a p-diffeomorphism if <p is a bi-Lipschitzian map, i.e. 
that there are constants c\ ,cq, > such that 

d9) C1 <M^M< C , 

\x-y\ 

forallx,y G R" with < \x— y\ < 1. 

(ii) Let p > 1. We say that the one-to-one map <p : W — > M." is a p-diffeomorphism if the components 
(pi of (p(x) = (<pi (x), . . . , <p n (x)) have classical derivatives up to order [p\ with ^ G { ^' p ^ l (W) for all 

i,j G {1, . . . ,«} and if 1 6etJ(<p)(x)\ > c for some c > and allx G W. Here J((p)(x) stands for the Jacobian 
matrix of <p at the point x G R". 

Remark 3.9. It does not matter, whether we assume (fT9b for all x,y G R" with x ^ y or for all x,y G R" 
with < \x—y\ < c for a constant c > 0. This is obvious for the upper bound. For the lower bound we have 
to use the upper bound of the bi-Lipschitzian property of the inverse <p ~ 1 of (p. Its existence independent of 
the given exact definition of a bi-Lipschitzian map is shown in the following lemma. 

Lemma 3.10. Let p > 1. 

(i) If(p is a l-diffeomorphism, then (p is bijective and (p^ 1 is a \-diffeomorphism, too. 

(ii) Let p > 1. If <p is a p-diffeomorphism, then its inverse (p _1 is a p-diffeomorphism as well. 

(Hi) If (p is a p-diffeomorphism, then (p is a p' -diffeomorphism for 1 < p' < p. Hence (p is a bi- 
Lipschitzian map. 

Proof. To prove part (i) we use Brouwer's invariance of domain theorem (see 0): Since <p : R" — > R" 
is continuous and injective, the image <p(U) of U is an open set if U is open. Otherwise, if U is closed, 
then also <p(U) is closed: If <p(x n ) — > y with x„ G U, then x„ converges to some x G U by ( fT9] l and hence 
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(p(x n ) — > (p(x) —y. Thus (p maps W to R". The inverse <p 1 is automatically a bi-Lipschitzian map, see 

(US. 

The proof of observation (iii) for p' > 1 is trivial. Hence, we have to show that every p-diffeomorphism 
is a bi-Lipschitzian map for p > 1 . The estimate 

\(p(x) - (p(y)\ 

< C2 



\x-y\ 

follows from the fact that the derivatives ^ are bounded for all i, j 6 { 1 , . . . , n}. The formula 
(20) J((p- l )((p(x)) = (JWix))- 1 

and |det/((j?)(jic)| > c together show that the derivatives of the inverse ^f- - are bounded for all i,j £ 
{1, . . • ,«}, for instance using the adjugate matrix formula. By the mean value theorem there exists a c > 
such that 

|y-'W-y-'(y)l <c 
\x-y\ 

and so part (iii) is shown. 

Finally, for (ii) we have to show that d[ ^ )i E ^ P_1 (R") and | det y(<p- 1 ) (jc) >c forp > 1. The latter 

part follows from ( f20b and the boundedness of For the first we have to argue inductively in the same 
way as in the inverse function theorem, starting with 

/(^(^(/((PX^M))- 1 

It is well known that 

A — > A~' 

is a C°°(R" X ") -mapping for invertible A. Together with the upcoming Lemma [3.111 this shows: If the 
components of J((p) belong to < £' p ~ 1 (M") and <p~' is an /-diffeomorphism, then the components of J((p~ l ) 
belong to l g mnn (P _1 >0 (R") and hence q>~ 1 is a min(Z + l,p)-diffeomorphism. This inductive argument and 
the induction starting point that <p~' is a 1 -diffeomorphism (by part (i) and (iii)) prove that (p^ 1 is a p- 
diffeomorphism. Thus the lemma is shown. □ 

We go on with a second standard analytical observation. 

Lemma 3.11. Let <p be a p-diffeomorphism and let max(l,s) <p. Then there exists a constant C depending 
on p such that for all f € ^(R") it holds 

\\f°<p\^(m")\\<c 9 -\\f\^(®»)\\. 

Proof. By definition 

\\focp\^(m»)\\ = [[/o<p|cW(R»)j|+ £ ||Z)°[/o9]|Kp«(R»)||. 

I«I=W 

The lemma follows now by using the chain rule and Leibniz rule for spaces of differentiable functions and 
for Holder spaces (R" ) . ' □ 



Remark 3.12. As one can easily see, the constant in Lemma [3jT] depends on £ L -^:\ c £ p ~ l (W i ) 

i=\j=\ i 

we have a sequence of functions {<p"'},„eN an d 



If 



su p EE 

meN i= i j =i 



< °° 



dXj 

then there is a universal constant C with Cm m < C, i.e. for all m £ N it holds 

||/o<^|^(R")||<C-||/K(R n )||. 
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Lemma 3.13. Let < p < °°. Let <p : R" — > R" be bijective and let there be a constant c > such that 

(21) e < l9(*)-9Cy)l 

\x-y\ 

for ij £ R" with x^y. Then there is a constant C > such that 

(22) ||/o<p|L,(R")||<C-||/||L p (R")||. 
Proof. If p < oo, it suffices to prove d22l for 

TV 

/ = E^xv 

7=1 

where aj €C,Aj are pairwise disjoint rectangles in R" and XAj is the characteristic function of Aj. We have 

, N p N 

\(f°<p)(x)\ p dx= £a^-i(A,)W ^=ll«/^(f 

7 7=1 7=1 

because the preimages q> (Aj) are also pairwise disjoint. Hence we have to show: 
There is a constant C > such that for all rectangles A it holds 

(23) pi((p- l (A))<C-pi(A). 

To prove this let B r (xo) = {x 6 M" : |jc — xq\ < r} be the open ball around xq S R" with radius r > 0. Then 
by OTT i we have 

(24) (p- 1 (/3,-(x ))c/3i((p- 1 (xo)). 
Hence there is a constant C > such that 

fi((p- l (B r (x ))) <C ■ M(Sr(*o)) 

forallx eR",r>0. 

Now, we cover a given rectangle A with finitely many open balls {Bj}^ =l such that 

(25) At (^U B ^ <2M(A). 

Afterwards we make use of the following Vitali covering lemma: There exists a subcollection Bj t ,Bj m 
of these balls which are pairwise disjoint and satisfy 

M m 

{jBjC{j3-B jk . 

7=1 *=1 

Using this, d25l l and d24l > for the balls 3 • B j, finally gives 

^(9-\A))<pi[f- l (^}Biyj <M^ _1 (U 3 - 5 aJ) =M^U<P- 1 (3-B.„)^ 

M MM 

= £ M(<P _1 (3 < C £ M(3 < C - 3" • £ n(Bj k ) 

k=\ k=\ k=\ 

<2C-y-jx{A). 

This proves the result for < p < °°. 
For p = °°we have to show 

||/o<pMM»)||<||/|MK")||. 

This follows from: If ju({* e M" : |/(x)| > a)}) = 0, then also fi({x 6 R" : |/(<p(x))| > a}) = 0, which is a 
consequence of (l23l : 

Let M be a measurable set with ju(M) = 0. I/zen afao [i((p~ l (M)) = 0. 

Hence the lemma is shown for p = °°, too. 

□ 

Remark 3.14. A proof of a more general observation using the Radon-Nikodym derivative and the Lebesgue 
point theorem can be found in Corollary 1.3 and Theorem 1.4 of 11351 - but here we wanted to give a direct, 
more instructive proof for our special situation. 
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Remark 3.15. By the previous proof it is obvious that Condition d23b is equivalent to (1221) for < p < °°. 
Condition d23b does not depend on p. For Condition (l23t it is necessary that the measure m with m(A) : = 
ll((p~ l (A)) is absolutely continuous with respect to the Lebesgue measure fx. Incase of p — °° this condition 
is also sufficient for (l23T > by the previous proof. 

Now we are ready for the main theorem of this section. 

Theorem 3.16. Let s G M, < q < °° and p > 1. 

(i) Let < p < °o ami p > max(s, 1 + O p — s). If (p is a p -diffeomorphism, then there exists a constant c 
such that 

|]/(<p(-))|B^(M»)||<c-||/|B^(R")|| 

for all f 6 B s p q (W). Hence Dy maps B s M (M. n ) onto B s pg (R"). 

(ii) Let < p < °° and p > max(s, 1 + O p t q — s). If (p is a p -diffeomorphism, then there exists a constant 
c such that 

||/(<p(.))|^(]R")||<c.||/|^(M")|| 
for all f 6 F s p q {W). Hence Dy maps F p g (R") onto F° q (W). 

Proof. At first, beside the two conditions (O and © we need to take a closer look at the centres and supports 
of the atoms. Briefly speaking, the decisive local properties of the set of atoms a v . m are maintained by a 
superposition with the diffeomorphism <p. 

To be more specific: Let M v = {iel":j = 2~ v m,m e Z"}. Having in mind Lemma D. 101 there is a 
C2 > with 

(26) \x-y\<c 2 \<p-\x)-<p- l (y)\. 

By a simple volume argument for Q v , m and by |2~ v m — 2~ v m'| > c ■ 2~ v for m^m' there is a constant 
M ~ c\ such that 

\(p- l (M v )nQ VM1 \<M 

for all v G No, to G Z. Hence we can take our atomic decomposition and split it into M disjunct sums, i.e. 

M 

f = 52 ^v.m a v,m 

j=\ VGNo meM v j 

with 

y M v j = Z" , M v j n M v j = for j ? f 
so that for all v G No, to e Z" and j G {1,... ,M} 

(27) | {to' G Z" : to' £ M VJ and ^- 1 (2- y m') G Q v , m ) | < 1. 

Therefore, not more than one function a v r m i ocp is located at the cube Q v . m for each of the M sums. 

The support of a function a Vm o q> is contained in (p~ l (d ■ Qv.m) by 0. By Lemma D. 101 there exists a 
ci > with 

|(p- 1 M-<r 1 (3')l<-l-*-)'l- 

Hence we get 

<T 1 (<* • Gv,m) C c • — • B 2 -v (2- v to)), 

where B r (^o) = {x G R" : jc — xo| < r}, Hence, together with d2~7T i it follows: There is a constant d' depend- 
ing on ci such that for every v G No and every j G {1, . . . ,M} there is an injective map <f> v ,y : M v j —> Z" 
with 

(28) (fl v ,m of)cd'- Q v< <t> VJ (m) ■ 

for all to G M V j. The constant <i' does not depend on v or m. 
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Thus, if we take the derivative conditions <(4j and the moment conditions (0 for a v m o(p now for granted 
(which will be shown later), then 

/) 0( P= E E ^v,m(«v,m°<P) 
VGN meM v j 

is an atomic decomposition of the function fj o (p. Finally, we have to look at the sequence space norms, 
see Definition 12. 5 1 

We will concentrate on the f ; ^(R")-case since the B s p ? (R n )-case is easier because it does not matter if 
one changes the order of summation over m. By the atomic representation theorem and d28l ) we will have 



||/;o«p|f; i? (m«)||<c 



I I 

. v=0m€M v 



l^v,mZ v f $vj . (m )(- V ''' 



To transfer this into the usual sequence space norm we make use of 



(29) 



Qv,<f vj (m) C <P l (c-Q V)in ) 



with a constant c depending on C2 from ( I26K but independent of v and m. This follows from <p 1 (2 v m) G 
2v,* v -(m)' Hence assuming that a v m o <p fulfil © and ((5]) we obtain 



|]/ ; -o«p|F^(R")||< C £ £ l*v >m *S(<K-))M IM^ 1 ) 



>v=OmeM, 



(30) 



E E iA v . m ^(-)r imk") 

.V=0m£M v , / 



E E M^) 

,v=0meZ" / 



< 



c"\\fK q (R") 



In the first step we used ( 1291 , in the second step we used Lemma |3. 131 and part (iii) of Lemma D.lOl and in 
the last step we applied the atomic decomposition theorem for /. As done in the first step, one can replace 
the characteristic function of c ■ Q v , m by the characteristic function of Q v , m in the sequence space norm 
getting equivalent norms, see [32, section 1.5.3]. This can be proven using the Hardy-Littlewood maximal 
function. 

Finally, we have to take a look at the derivative conditions © and the moment conditions ((5]). The latter 
part is also considered in Lemma 5 of Il25ll using the atomic approach with condition ©. 

Let a v ,m be an (s,p)/f ^-atom and let p > max(A',L+ 1). If we can show that <p oa V m is an (s,p)k,l~ 
atom as well, we are done with the proof since we can choose K and L suitably small enough by the atomic 
decomposition theorem|2T2] Let T v (x) := 2~ v x and ,%>(<p) = Ty o <p o T v . Then 

||( flv , m o<p)(2- v -)|^(K")|| = ||a V)m o<po7V|^(R")|| = ||fl V)m oT v o^ v (<p)|^(R")||. 
By a simple dilation argument for the Holder spaces ^P -1 (R") it holds 



dxj 



Sf p-1 (R") 



< 



dxj 



for all i,j £ {1, ... ,n} and v £ No- Hence by Lemma [3.1 H and Remark D.12l we find a constant C indepen- 
dent of v and m such that 



|(fl v , m o(p)(2- v .)|^ 



= \\a v , m oT v o%((p)\^- 



K/Tu,n\ 



<C-|| flv , m (2- v -)|^(R")|| 



So the derivative condition is shown. 

Regarding the moment condition (0 of a V m o q> we consider two cases: At first, let <p be a p-diffeomorphism 
with p > 1. Then <p and (p~ l are differentiable. We use the moment condition of a v m itself and Lemma 
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Em to get 



\j/(x) -a((p(x)) dx 



d ' Qv,<b v Am) 



\j/(x) -a((p(x)) dx 



y/(<p (x))-\det(p \(x) -a(x) dx 

dQv,m 

<C-2- v ^ • Hldet^MI • (yoq,- 1 ) \tf L (R")\\ 
<C'-2- v ^-||v/|^ L (R")||. 
We used the transformation formula for integrals and 

det/fV 1 ) G %? L (R") 

since <p is a p-diffeomorphism with p >L+1. Furthermore, the sign of det/ (cp" 1 ) is constant. 

If p = 1, then L = by our choice of p. This means, that no moment conditions are needed. Hence we 
have nothing to prove. The choice of p = 1 is only allowed if a p < s < 1 resp. o pq < s < 1 . 



For some further technicalities similar as in Remark [3~51 see Remark 13.201 



□ 



Remark 3.17. This has been proven (in a sketchy way) in Lemma 3 in |25| for the more special atomic 
definition there. 

Remark 3.18. If O p < s < 1 resp. a Pt q < s < 1, then the choice of p = 1 is possible for these values of s. 
This gives the same result as in Proposition 4. 1 in [30], where the notation of Lipschitz diffeomorphisms as 
in Definition [378] is used. This results in 



I" is a bi-Lipschitzian map, then there exists a constant 



Theorem 3.19. Let < q < °°. 

(i) Let < p < °° and o p < s < 1. If (p : 
c such that 



||/(9(.))|^(R")||<c.||/|l^ i ,(R»)| 

for all f G B s p!q (W). Hence maps B s M (R n ) onto B 

(ii) LetO < p<°° and G p , q < s < 1. If (p : R" 
c such that 



■p,q\ 



" is a bi-Lipschitzian map, then there exists a constant 



\\f( 9 (w;^ n )\\<c-\\fK q (R n )i 

for all f G F° q (m. n ). Hence maps F^ q (W) onto F* 9 (R«). 

Remark 3.20. We have to deal with some technicalities of the proof of Theorem l3.16l We concentrate on 
the B s p 9 (R")-case, the F^ 9 (R")-case is nearly the same. 

Let at first be p > 1. In principle, Theorem l3 . 1 61 and Lemma l2.11l show that 

(31) EH^ v . m ( flv -'"°^) 

V m 

converges unconditionally in 5^"{R n ), where 

/ = LL A v.™ fl v,„, in ^'(R"), 

V m 

and the limit belongs to B S M (W) if / belongs to B p c/ (W). 

To define the superposition of / and <p as this limit, we have to show that the limit does not depend on 
the atomic decomposition we chose for /. Let \p G C°°(R") with compact support be given. Then 



EE 



A v ,m (a v ,m ° (p) (x)\jf(x) dx 



EE 



K, m av,m{x) [y((P (x))-\det(p \x)\] dx 



makes sense, see (1171 1. because by Lemma [3.1 li the function y/ (<p 1 (x)^j ■ \ det (p 1 (x) | has compact support 
and belongs to c tf M (W l ) for a suitable M > with M > a p — s. Now the achievements at the end of Corollary 
12. 151 show that this integral limit does not depend on the choice of the atomic decomposition for /. Hence 
we obtain that the limit in OTT ) (considered as an element in ^'(R")) is the same for all choices of atomic 
decompositions. 
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If the choice of p = 1 is allowed, then automatically s > a p and B s p JM. n ) consists of regular distributions 
by Sobolev's embedding. Hence the superposition of / € B pq (M.") C L P (W) for 1 < p < °° resp. / G 
B ptj (M") C Li(R") for < p < 1 with a 1 -diffeomorphism <p is defined as the superposition of a regular 
distribution with a 1 -diffeomorphism and is continuous as an operator from L p (W ) resp. L\ (R n ) to L p (R" ) 
resp. Li (R") by Lemma l3~13l 

If p < oo, then atomic decompositions of / £ B'^ ? (R") converge to / with respect to the norm of L p (R n ) 
for 1 < p < °° resp. with respect to the norm of Li(R") for < p < 1, see [31, Section 2.12]. Hence the 
limit does not depend on the choice of the atomic decomposition and is equal to the usual definition of the 
superposition of a regular distribution / and the 1 -diffeomorphism (p. 

If p = oo, we use the local convergence of the atomic decompositions of / in L<x>(R"), i.e. we restrict 
/ and its atomic decomposition to a compact subset K of R". Then this restricted atomic decomposition 
converges to the restricted / with respect to the norm of L*>(K). This suffices to prove uniqueness of the 
limit which is an L tx> (M") -function. 

Remark 3.21. For fixed s,p and q the constant c in Theorem 13.161 depends on the p -diffeomorphism (p. 
Looking into the proof of Theorem l3. 16l and Remark l3.12l the following definition is useful: 

Definition 3.22. Let p > 1. We call {<p'"} m eN a bounded sequence of p-diffeomorphisms if every <p" ! is a 
p -diffeomorphism, if there are universal constants c\ ,02 > with 

|(p m (x)-9 m MI . 

c\ < ; ; < Q 

\x-y\ 

for m £ N, x,y £ R" with < \x — y\ < 1 and if - for p > 1 - there is a universal constant c with 



EE 

for m £ N. 



dXj 



l^-^R") 



< c. 



Remark 3.23. If {(p'"} m en is a bounded sequence of p-diffeomorphisms, then ((p'")~ l exists for all m£N 
and {(<p m ) _1 }meN is a bounded sequence of p-diffeomorphisms, too. This follows by the arguments of 
Lemma l3.10l 

Now, by going through the proof of Theorem l3. 16l and Remark l3.12l it follows 

Corollary 3.24. Let s £ R, < q < oo and p > 1. 

(i) Let < p < oo anc/ p > max(s, 1 + <J p — s). If {(p m } m eN !i bounded sequence of p-diffeomorphisms, 
then there exists a constant C such that 

||/(<p'"(.))|B^(R")||< C -|l/l^(K")ll 

for all f £ B s p q (W) and m £ N. 

(ii) LetO < p < °°and p > max(s, 1 +<J p ^ — s). If{<p m }meN ' s a bounded sequence of p-diffeomorphisms, 
then there exists a constant C such that 

||/(<p" 1 (.))|^(R")||< C .||/|^ / (R«)|| 

for all f £ F s pA (R n ) and m £ N. 
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